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Abstract
The decomposition numbers of the finite Chevalley group G2(pn) of type (G2) defined over a
finite field of characteristic r which divides pn + 1 are almost determined by [G. Hiss, J. Algebra
120 (1989) 339–360]. I will prove that the decomposition numbers are bounded independently of pn
by using the same argument as in [T. Okuyama, K. Waki, J. Algebra 199 (1998) 544–555] in case of
p = 2.
 2004 Published by Elsevier Inc.
Let q equal 2n where n is a positive integer. Let G be the finite Chevalley group
G2(q) of type (G2) with order q6(q − 1)2(q + 1)2(q2 + q + 1)(q2 − q + 1). Let K be
a finite field with q elements. Let r be an odd prime bigger than 3. Let s be the positive
integer such that q + 1 = rd × s and s is prime to r . Let k be an algebraically closed
field of characteristic r . The conjugacy classes and ordinary irreducible characters of the
group G are determined by [2]. One can find the definitions of elements and characters
in [2]. The set of positive roots of G is {a, b, a + b,2a + b,3a + b,3a + 2b}. For a
root ρ, Xρ denotes an abelian group of order q which is generated by xρ(t) (t ∈K). The
subgroupU =XaXbXa+bX2a+bX3a+bX3a+2b is a Sylow p-subgroup of G. The subgroup
H := {h(z1, z2, z3) | zi ∈K×, z1z2z3 = 1} is an abelian group of order (q−1)2. The Borel
subgroup of G is B =HU . Let wρ be an element of the Weyl group which corresponds
to the root ρ. Then P := 〈B,wa〉 and Q := 〈B,wb〉 are the parabolic subgroups of G. The
order of B , P and Q are q6(q−1)2, q6(q−1)2(q+1) and q6(q−1)2(q+1), respectively.
For a kG-module X and a block b1 of a subgroup S, let Xb1 be the direct summand
of the restriction of X to S which belongs to the block b1. We call Xb1 the b1-part of X.
Let Rad(X) and Soc(X) be the radical and socle of a module X. Let P(X) be a projective
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heart of P(X).
1. Decomposition numbers of G2(q)
The principal r-block B0(G) of kG has six irreducible Brauer characters {IG,ϕa,ϕb,
ϕα,ϕβ,ϕst}. The decomposition numbers of B0(G) is determined in [3] with two unknown
parameters α and β ,
degree IG ϕa ϕb ϕα ϕβ ϕst
1 θ0 1
q(q4 + q2 + 1)/3 θ3 1 1
q(q4 + q2 + 1)/3 θ4 1 1
q(q − 1)2(q2 + q + 1)/2 θ ′2 1
q(q − 1)2(q2 − q + 1)/6 θ ′1 1
q6 θ5 1 1 1 α β 1
where 1 α  q/2 and 1 β  (q + 2)/6.
The first row of the above table is a list of irreducible Brauer characters. I will use this
notations for both irreducible modular characters and simple kG-modules. The purpose of
this paper is getting some information for α and β .
2. About subgroups
Since inducing the trivial character of B to Q yields χ1(0)+χ3(0), the next proposition
is obtained from Table A in [2].
Proposition 2.1. The induction of the trivial characters of P , Q and B to G have the
following irreducible characters:
• IGP = θ0 + θ1 + θ2 + θ3,
• IGQ = θ0 + θ1 + θ2 + θ4,
• IGB = θ0 + 2θ1 + 2θ2 + θ3 + θ4 + θ5.
Since the degrees of θ1 and θ2 are q(q+ 1)2(q2 + q + 1) and q(q+ 1)2(q2 − q + 1)/2,
respectively, both of them correspond to projective simple modules. From Proposition 2.7.3
and Proposition 2.8.1 in [1], we can determine distinguished double coset representatives
of parabolic subgroups.
Proposition 2.2. We can take the following double coset representatives and intersections
of parabolic subgroups:
604 K. Waki / Journal of Algebra 274 (2004) 602–606(1) P\G/Q= {e,wbwa,wbwawbwa},
B0 := P ∩Q= B , B2 := Pwbwa ∩Q=HXbXa+bX2a+bX3a+2b,
B4 := Pwbwawbwa ∩Q=HXbXa+b .
(2) Q\G/Q= {e,wa,wawbwa,wawbwawbwa},
B1 :=Qwa ∩Q=HXbXa+bX2a+bX3a+bX3a+2b,
B3 :=Qwawbwa ∩Q=HXbXa+bX3a+2b,
Qwawbwawbwa ∩Q= 〈HXb,wb〉 = CH(Xb)× 〈Xb,wb〉, where 〈Xb,wb〉 ∼= SL2(q).
(3) B\G/Q= {e,wa,wbwa,wawbwa,wbwawbwa,wawbwawbwa},
Bwa ∩Q = B1, Bwbwa ∩Q= B2, Bwawbwa ∩Q= B3, Bwbwawbwa ∩Q = B4, B5 :=
Bwawbwawbwa ∩Q=HXb.
3. Restrictions of irreducible characters of G
By the Mackey’s tensor product theorem and Proposition 2.2, the tensor product
IGP ⊗ IGQ is the direct sum of the inducing the trivial modules of r ′-subgroups. Thus
IGP ⊗ IGQ is a projective kG-module. By using the same arguments as in Lemma 7.1 of [4],
ϕa ⊗ ϕb has a non-projective self-dual direct summand M whose composition factors are
αϕα+βϕβ+ϕst . Let B := {i ∈ {1, . . . ,2n−1}; i ≡ 0 mods}. Then |B| = (rd−1)/2. Let b1
be the r-block of defect 1 of kQ which contains the ordinary irreducible characters θ4(±1)
and χ8(i) where i ∈ B. Since the defect of b1 is 1, the decomposition numbers of b1 are
given by
degree Y+ Y−
q(q − 1)2/2 θ4(1) 1 0
q(q − 1)2/2 θ4(−1) 0 1
q(q − 1)2 χ8(i) 1 1 i ∈B
Thus Y± are liftable irreducible Brauer characters in b1. We also use Y± to denote
simple kQ-modules. From Table A in [2], the restriction of θ ′1 and θ ′2 to b1 are θ4(1) and
θ4(−1), respectively. The restriction of the simple kG-module ϕα and ϕβ are Y− and Y+.
The next results follows directly from Mackey’s tensor product theorem:
(
IGP
)
Q
= IQB + IQB2 + I
Q
B4
,
(
IGQ
)
Q
= IQ + IQB1 + I
Q
B3
+ IQ〈HXb,wb〉,(
IGB
)
Q
= IQB1 + I
Q
B2
+ IQB3 + I
Q
B4
+ IQB5 .
Since the order of B is prime to r , (IGP )Q and (I
G
B )Q are projective kQ-modules.
The next equation is immediate from Appendix A and [2]:
I
Q
〈HXb,wb〉 = IQ + θ2 +
∑
θ3(x)+ θ4(1)+ θ5(1)+ χ5(0)+ χ7(0).x∈K
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IQ+IQ+θ4(1). Let (θ,χ) denote the inner product of two characters θ and χ . For s =±1,
((
IGB
)
Q
,θ4(s)
)=
5∑
i=1
(
I
Q
Bi
, θ4(s)
)=
5∑
i=1
(
IBi , θ4(s)Bi
)
.
For any i  4, because of (IHXa+b , θ4(s)HXa+b ) = 0 and HXa+b ⊂ Bi , we have
(IBi , θ4(s)Bi ) (I
Bi
HXa+b , θ4(s)Bi )= 0. This means that the b1-part of (IGP )Q is 0 and the
b1-part of (IGQ )Q is θ4(1). Since
(
IB5 , θ4(s)B5
)=
{
1 (s = 1),
0 (s =−1),
the b1-part of (IGB )Q is the projective cover P(Y+) of Y+. Let B0(Q) be the principal block
of kQ. Then the unipotent radical UQ =HXaXa+bX2a+bX3a+bX3a+2b of Q is contained
in KerB0(Q). Thus the B0(Q)-part of IQBi (i = 1, . . . ,5) equals I
Q
BiUQ
= IQB = P(IQ).
Let us consider the following short exact sequences:
(s) 0→X′a → IGP → IG → 0,
(t) 0→X′b → IGQ → IG → 0,
(st) 0→Xst → IGB → IGP ⊕ IGQ → IG → 0.
Let Xi (i = 1,2) be the projective simple kG-module which corresponds to θi .
Let Xa and Xb be direct summands of X′a and X′b where X′a = Xa ⊕ X1 ⊕ X2 and
X′b =Xb ⊕X1 ⊕X2.
Then next lemma is immediate.
Lemma 3.1.
(1) (Xa)b1 = 0, (Xa)B0(Q) = Ω(IQ), and the other direct summands of (Xa)Q are
projective.
(2) (Xb)b1 = Y+, (Xb)B0(Q) = IQ, and the other direct summands of (Xb)Q are projective.
(3) (Xst )b1 =Ω(Y+).
The same argument as in Lemma 7.3 of [4] shows that Mb1 is a heart of P(Y+). Thus
Mb1 is a uniserial module with composition factors r
d−3
2 Y+ + r
d−1
2 Y−. Since (ϕα)b1 and
(ϕβ)b1 are Y− and Y+, we can obtain the following theorem.
Theorem 3.2. The following inequalities hold for the unknown numbers α and β in the
decomposition numbers of G:
(1) α  rd−1 ,2
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In particular it follows that α = 2 and β = 1 in case that rd = 5.
Appendix A. The conjugacy classes of 〈HXb,wb〉
Let q = 2n and ε = (−1)n.
Class in Q Order of Cent. Number of Cl.
h(1,1,1) A0 q(q − 1)2(q + 1) 1
xb(1) A41 q(q − 1) 1
hr (i,−i,0) C21 (q − 1)2 q−22
hη(i,−i,0) D11 (q − 1)(q + 1) q2
In case of ε= 1
hw(i, i, i) B0 q(q − 1)2(q + 1) 2
hw(i, i, i)xb(1) B2 q(q − 1) 2
hr(j, j,−2j) C41 q(q − 1)2(q + 1) q − 4
hr (j, j,−2j)xb(1) C42 q(q − 2) q − 4
hr(i + j,−i + j,−2j) C11 (q − 1)2 q − 4
C31 (q − 1)2 q − 2
C(i + j,−i + j) (q − 1)2 (q−4)22
hr(j, j,−2j)hη(i,−i,0) E(q(i + j)− i + j) (q − 1)(q + 1) q(q−2)2
In case of ε =−1
hr(j, j,−2j) C41 q(q − 1)2(q + 1) q − 2
hr (j, j,−2j)xb(1) C42 q(q − 2) q − 2
hr(i + j,−i + j,−2j) C11 (q − 1)2 q − 2
C31 (q − 1)2 q − 2
C(i + j,−i + j) (q − 1)2 (q−2)(q−6)2
hr(j, j,−2j)hη(i,−i,0) E(q(i + j)− i + j) (q − 1)(q + 1) q(q−2)2
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